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In this short note we prove that Theorem A in [3] is incorrect. Indeed, the following proposi-
tion holds.
Proposition 0.1. Let n 2 and let Bn be the unit ball in Rn. If q > 2 then
I := inf
w∈C∞c (Bn\{0})
∫
Bn
|∇w|2 dx − ( n−22 )2
∫
Bn
|x|−2w2 dx
(
∫
Bn
|x|−n+q n−22 | log |x||−1−q/2|w|q dx)2/q
= 0.
Proof. In order to simplify computations we notice that
I = inf
u∈C∞c (Bn\{0})
∫
Bn
|x|2−n|∇u|2 dx
(
∫
Bn
|x|−n|log |x||−1−q/2|u|q dx)2/q . (0.1)
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w ∈ C∞c
(
B
n \ {0})→ u(z) := |x| n−22 w(z) ∈ C∞c (Bn \ {0}).
Direct computations and the divergence theorem lead to the following identities:
∫
Bn
|x|2−n|∇u|2 dx =
∫
Bn
|∇w|2 dx −
(
n − 2
2
)2 ∫
Bn
|x|−2w2 dx,
∫
Bn
|x|−n∣∣log |x|∣∣−1−q/2|u|q dx = ∫
Bn
|x|−n+q n−22 ∣∣log |x|∣∣−1−q/2|w|q dx.
Therefore (0.1) holds for any n 2.
Fix a nontrivial smooth radially symmetric map u1 with compact support in Bn \ {0}. Our aim
is to test the infimum I in (0.1) with the following smooth map on Bn:
uα(rσ ) = u1
(
rα
)
ϕ(σ),
where α > 0 and ϕ is any smooth map on Sn−1. We set
c1 :=
∫
Bn
|x|2−n|∇u1|2 dx, c2 :=
∫
Bn
|x|−n|u1|2 dx,
c3 :=
( ∫
Bn
|x|−n∣∣log |x|∣∣−1−q/2|u1|q dx
)2/q
,
and we denote by ∇σ ϕ the gradient of ϕ on Sn−1. Since
∫
Bn
|x|2−n|∇uα|2 dx = α
(
c1
∫
Sn−1
|ϕ|2 dσ + α−2c2
∫
Sn−1
|∇σ ϕ|2 dσ
)
,
( ∫
Bn
|x|−n∣∣log |x|∣∣−1−q/2|uα|q dx
)2/q
= αc3
( ∫
Sn−1
|ϕ|q dσ
)2/q
,
then
I 
c1
∫
Sn−1 |ϕ|2 dσ + α−2c2
∫
Sn−1 |∇σ ϕ|2 dσ
c3(
∫
Sn−1 |ϕ|q dσ )2/q
.
Letting α → +∞ we infer
I  c1c−13
∫
Sn−1 |ϕ|2 dσ
(
∫ |ϕ|q dσ )2/q .
Sn−1
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inf
ϕ∈C∞(Sn−1)
∫
Sn−1 |ϕ|2 dσ
(
∫
Sn−1 |ϕ|q dσ )2/q
= 0,
and the conclusion readily follows. 
1. Remarks
The infimum in Proposition 0.1 is positive provided that q = 2. More precisely, the following
improved Hardy inequality holds (see also [1,3,4] and Remark 1.2 for the case n = 2).
Proposition 1.1. Let n 2 and let Bn be the unit ball in Rn. Then
∫
Bn
|wr |2 dx 
(
n − 2
2
)2 ∫
Bn
|x|−2w2 dx + 1
4
∫
Bn
|x|−2∣∣log |x|∣∣−2|w|2 dx (1.1)
for any w ∈ C∞c (Bn), where wr(x) := ∇w(x) · x|x| is the radial derivative of w at x.
Proof. Set Cn := (0,+∞)×Sn−1. For any smooth map v = v(s, σ ) ∈ C∞c (Cn) and for any fixed
σ ∈ Sn−1 we write down the Hardy inequality for the smooth map v(·, σ ) : (0,+∞) → R:
+∞∫
0
∣∣vs(s, σ )∣∣2 ds  14
+∞∫
0
s−2
∣∣v(s, σ )∣∣2 ds.
Integrating on Sn−1 we get
∫
Cn
∣∣vs(s, σ )∣∣2 ds dσ  14
∫
Cn
s−2
∣∣v(s, σ )∣∣2 ds dσ ∀v ∈ C∞c (Cn). (1.2)
One can identify maps w ∈ C∞c (Bn \ {0}) with maps v ∈ C∞c (Cn) by composing the functional
transform of the proof of Proposition 0.1 with the Emden–Fowler transform. More precisely, we
set
w(rσ) = r 2−n2 v(|log r|, σ ), for r ∈ (0,1), σ ∈ Sn−1.
Since
∫
Bn
|wr |2 dx −
(
n − 2
2
)2 ∫
Bn
|x|−2w2 dx =
∫
Cn
|vs |2 ds dσ,
∫
n
|x|−2∣∣log |x|∣∣−2|w|2 dx = ∫
n
s−2|v|2 ds dσ,
B C
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density argument. For example, it suffices to approximate any map w ∈ C∞c (Bn) with
wh(x) := ηh
(|x|)w(x), η(r) =
⎧⎪⎨
⎪⎩
0 if r  h−2,
logh2r
|logh| if h
−2 < r < h−1,
1 if h−1  r < 1.

Remark 1.2. If n = 2 the weight |x|−2 is not summable. In this case (1.1) becomes∫
B2
|wr |2 dx  14
∫
B2
|x|−2∣∣log |x|∣∣−2|w|2 dx ∀w ∈ C∞c (B2).
This inequality was firstly proved by J. Leray [4] in 1933.
Remark 1.3. The constant 1/4 in (1.1) is sharp, and it is not achieved.
We conclude this note by showing that inequality (1.8) in [3] is true for radially symmetric
maps.
Proposition 1.4. Let n  2 and let Bn be the unit ball in Rn. Then for any q > 2 there exists
c > 0 such that
∫
Bn
|∇w|2 dx 
(
n − 2
2
)2 ∫
Bn
|x|−2w2 dx
+ c
( ∫
Bn
|x|−n+q n−22 ∣∣log |x|∣∣−1−q/2|w|q dx
)2/q
(1.3)
for any w ∈ C∞c (Bn) radially symmetric about the origin.
Proof. For w ∈ C∞c (Bn \ {0}) radially symmetric we use once again the transform
w(r) = r 2−n2 v(|log r|).
A direct computation shows that (1.3) is equivalent to
+∞∫
0
|vs |2 ds  c
( +∞∫
0
s−1−q/2|v|q ds
)2/q
, (1.4)
with c > 0 independent of v. To prove (1.4) we notice that
+∞∫
s2
∣∣∣∣ dds
(
s−1v
)∣∣∣∣
2
ds =
+∞∫
|vs |2 ds.0 0
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+∞∫
0
s2
∣∣∣∣ dds
(
s−1v
)∣∣∣∣
2
ds  c
( +∞∫
0
s−1+
q
2
∣∣s−1v∣∣q ds
)2/q
,
and (1.4) readily follows. Thus (1.3) holds for any radially symmetric map in C∞c (Bn \ {0}). To
conclude the proof one can use a density argument, as in the proof of Proposition 1.1. 
Remark 1.5. The inequalities in Propositions 1.1 and 1.4 are related to some elliptic critical
problems on the unit ball that will be investigated in [5].
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